Abstract. We prove that there exist three transcendental entire functions that have infinite number of domains which lie in the wandering component of each of these functions and their composites. This result is a generalization of the result of Dinesh Kumar, Gopal Datt and Sanjay Kumar. In particular, they proved that there exist two transcendental entire functions that have infinite number of domains which lie in the wandering components of each of these functions and their composites
Introduction
We denote the complex plane by C, extended complex plane by C ∞ and set of integers greater than zero by N. We assume the function f : C → C is transcendental entire function unless otherwise stated. For any n ∈ N, f n always denotes the nth iterates of f . If f n (z) = z for some smallest n ∈ N, then we say that z is periodic point of period n. In particular, if f (z) = z, then z is a fixed point of f . If |(f n (z)) ′ | < 1, where ′ represents complex differentiation of f n with respect to z, then z is called attracting periodic point. A family F = {f : f is meromorphic on some domain X of C ∞ } forms normal family if every sequence (f i ) i∈N of functions contains a subsequence which converges uniformly to a finite limit or converges to ∞ on every compact subset D of X.
The Fatou set of f denoted by F (f ) is the set of points z ∈ C such that sequence (f n ) n∈N forms a normal family in some neighborhood of z. That is, z ∈ F (f ) if z has a neighborhood U on which the family F is normal. By definition, Fatou set is open and may or may not be empty. Fatou set is non-empty for every entire function with attracting periodic points.
If U ⊂ F (f ) (Fatou component), then f (U) lies in some component V of F (f ) and V − f (U) is a set which contains at most one point (see for instance [3] ). Let U ⊂ F (f ) (a Fatou component) such that f n (U) for some n ∈ N, is contained in some component of F (f ), which is usually denoted by U n . A Fatou component U is called pre-periodic if there exist integers n > m 0 such that U n = U m . In particular, if U n = U 0 = U ( that is, f n (U) ⊂ U) for some smallest positive integer n 1, then U is called periodic Fatou component of period n and {U 0 , U 1 . . . , U n−1 } is called the periodic cycle of U. A component of Fatou set F (f ) which is not pre-periodic is called wandering domain.
Our particular interest of this paper is that whether there are more than two transcendental entire functions that have similarity between the dynamics of their composites and dynamics of each of these functions. Dynamics of two transcendental entire functions and their composites were studied by A.P. Singh [5] . He constructed several examples of transcendental entire functions where dynamics of individual functions vary largely from the dynamics of their composites. In particular, A. P. Singh proved that there exists a domain which lies in the periodic component of individual functions and also lies in the periodic component of the one of the composite but lies in the wandering component of the other composites (Theorem 4). Later, Dinesh Kumar, Gopal Datt and Sanjay Kumar [4] extended this result to the possibility of having infinitely many domains satisfying the condition of A.P Singhs result. In this paper, we investigate three transcendental entire functions such that each of individual functions as well as their every composite consists of infinite number of domains which lie in the wandering component of each of functions and their every composite. In particular, we prove the following result. Theorem 1.1. There are transcendental entire functions f , g and h such that there exist infinite number of domains which lie in the wandering component of the
Carlemen Set
To work out a proof of above theorem 1.1, first of all we need a notion of approximation theory of entire functions. In our case, we can use the notion of Carleman set from which we obtain approximation of any holomorphic map by entire functions Definition 2.1 (Carleman Set). Let F be a closed subset of C and C(F ) = {f : F → C : f is continuous on S and analytic in the interior of F
• of F }. Then F is called a Carleman set for C if for any g ∈ C(F ) and any positive continuous function ǫ on F , there exists entire function h such that |g(z) − h(z)| < ǫ for all z ∈ F .
The following important characterization of Carleman set has been proved by A. Nersesjan in 1971 but we have been taken this result from [2] . 
It is well known in classical complex analysis that the space C ∞ −F is connected if and only if each component Z of open set C − F is unbounded. This fact together with above theorem 2.1 will be a nice tool whether a set is a Carleman set for C. The sets given in the following examples are Carlemen sets for C.
. .) is a Carleman set for C by the theorem 2.1.
Proof of the Main Result (Theorem 1)
If f and g are two transcendental entire functions, so are their composites f • g and g • f and the dynamics of one composite may help in the study of the dynamics of the other composite. In this regard, Bergweiler and Wang [1] proved the following results It is also note that certain classes of entire functions do not have wandering domains (see for instance theorem 3 of Bergweiler and Wang [1] ). It is known that the dynamics of f • g are very similar to the dynamics of g • f . A. P. Singh [5] interested to know whether there is similarity between dynamics of individual entire functions and their composites. However, in reality, it does not hold in general. From the help of the Carleman set of example 2, A.P. Singh [5] proved the following result which shows that certain amount of similarity might be hold. From the help of the Carleman set of the above example 2.2, A.P. Singh [5, Theorem 2] proved the following result. 
In fact, A. P. Singh [5] also had proved other results regarding the dynamics of two individual functions and their composites (see for instance [5 
Our main result, that is, theorem 1.1 is an extension of the theorem 3.4. As stated in the theorem 1.1, theorem 3.4 can be extended to the existence of more than two transcendental entire functions such that each individual functions and their composites may have infinitely many domains which lie in the wandering component of each of the functions and their composites. We proceed the following long proof of the theorem1.1.
Proof of the Theorem 1.1. The set of the form
where G 0 , G k , B k , L k and M k are sets as defined in above example 2.2, is a Carleman set for C. By the continuity of exponential map, we can write, for a given ǫ > 0, there exists δ > 0 such that
Let us choose ǫ = 1/2, then there exist sufficiently small
and |w − log(4k − 6)| < δ
In particular, let us choose sufficiently small δ 0 > 0, δ
|w − (πi + log 6)| < δ
and |w − (πi + log 10)| < δ
Next, let us define the following functions:
Let us define again the following functions:
Clearly, the functions α(z), β(z) and γ(z) are piece wise constant functions, so they are continuous on the set E and analytic in E
• . Also, since E is a Carleman set, so there exist entire functions f 1 (z), g 1 (z) and h 1 (z) such that
Consequently, we get transcendental entire functions f (z) = e f 1 (z) , g(z) = e g 1 (z) and h(z) = e h 1 (z) which respectively satisfy the following:
As we did just above in 3.1, 3.2, and 3.3, each of the functions f , g and h maps the domain
into smaller disk |z − 2| < 1/2 contained in G 0 and each of these function is a contracting mapping. So,
This fixed point z 0 is attracting fixed point for each function f , g and h, so
is a subset of each of the Fatou set F (f ), F (g) and F (h). In this case, J(f ) = C, J(g) = C and J(h) = C and so Julia set of each of the function f , g and h does not contain interior point and hence Fatou set of each of these function contains all interior points. In such case, Fatou set of each of the function f , g and h contains Carleman set E.
Again, as defined in above equation 3.1, function f maps each G k into smaller disk contained in B 1 and each B k into smaller disk contained in B k+1 . In fact, G k and B k are contained in the wandering components of Fatou set F (f ) of the function f . Also, as defined in equation 3.2, function g maps each of the domains G k into the smaller disk contained in G k−1 , (k = 2, 3, 4, . . .), G 1 into smaller disk contained in B 1 and B k , (k = 1, 2, 3 , . . .) into the smaller disks contained in B k+1 . In fact, G k and B k are contained in the wandering components of the Fatou set F (g) of the function g. Likewise, as defined in equation 3.3, domains G k and B k , (k = 1, 2, 3 . . .) are contained in the wandering components under the function h.
Next, we examine the dynamical behavior of composites of the functions f , g and h. The composite of any two and all of three of these functions satisfy the following: Dynamical behavior of f • g:
This composition rule 3.4 shows that the domains , 2, 3 , . . .) belong to F (f • g) and in fact, each G k and B k is contained in the wandering components of F (f • g).
Dynamical behavior of g • f :
From this composition rule 3.5, we can say that the domains
and in fact, each G k and B k belongs to the wandering component of
Dynamical behavior of f • h:
As defined in the above composition rule 3.6, the domains , 2, 3 , . . .) belong to F (f • h) and in fact, each G k and B k for all k = 1, 2, 3, . . . belongs to the wandering components of F (f • h).
Dynamical behavior of h • f :
From this composition rule 3.7, we can say that the domains 2, 3 , . . . belong to F (h • f ) and in fact, each G k and B k for all k = 1, 2, 3, . . . is contained in the wandering components of F (h • f ).
Dynamical behavior of g • h:
As defined in the above composition rule 3.8, the domains , 2, 3 , . . .) belong to F (g • h) and in fact, each G k and B k for all k = 1, 2, 3, . . . is contained in wandering components of F (g • h).
Dynamical behavior of h • g:
As defined in the above composition rule 3.9, the domains
) and in fact, each G k and B k for all k = 1, 2, 3, . . . is contained in wandering components of F (h • g).
The composition rule 3.10 assigned above tells us that domains
Dynamical behavior of f • h • g:
The composition rule 3.11 assigned above tells us that domains
and in fact, each G k and B k for all k = 1, 2, 3, . . . is contained in the wandering component of
The composition rule 3.12 assigned above tells us that domains From all of the above discussion, we found that the domains G k and B k for all k = 1, 2, 3, . . . are contained in the wandering domains of the functions f, g, h and their composites.
